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AhNrucl

‘1’hc anal sis of open-loop balanced ffcxilk .sIruclum  has
1been exkmdc for ckw&foop structures. i .Q(i  rmnpensalrrr  ~dil~s

(i.C. ! the gaios o f  a  .  c o n t r o l l e r  a n d  of an  estimalor)  arc
ohlmcd f r o m  lhc snlul[ons  o f  t h e  conhullcr Riccati  eqnalion
(CARI{)  a n d  Ihc cstimakrr  Riccati  e q u a t i o n  (1’ARI1).  Itrr lhc
halanccfi  conlpenmlor  the solulions  of CARII and l~Akli arc equal
and dia~wnal.  Thus, a balanced 1.QG compensator puts the smc
cf(orl inlo c o n t r o l a n d  cs[ima[ion of IIIC sysIcm. An
aj)p[oximatc  Manced 1 .QG conlpensator  for flex ilk slruclurcs  is
rtctcnnincd  in this fx~pcr, Its p rope r t i es  allow OIIC to obta in  a
reduced-orctcr compensator, which preserves lIIC s[ahili(y  and
perfornmncc  of Ihe full-order compensator. I’hc performance of
an 1.<)(; compensator dcpcllds  on dIc wcighk of the quadratic
pcrforn)ancc  index and on lIIC valiance  of lhc cs{in]amr  n o i s e .
‘1’hc tclationships  Mwccn wcightskwiances a n d  chardclcrislic
valmx  of Ihc systcm  as WCII as bctwccn  w,ci~,llls/variar~ ccs a n d
plant/cs(inlator  pole Iocalion  are der ived in th is ptiper.  ‘l”hus
the weights can be dckrmincd i n  a d v a n c e  10 Inccl  t h e
rcquircmrw(s  of a closed-loop syskm.

1. Introdoc[ion

(bnlrol i s s u e s  f o r  ffcxitde  slruclurcs  h a v e g,aincct
incrt,a$ing atkwlirm, especial ly  in space appl icat ions. The
growing interest refkcls rcccnt cfforls 10 nminlain high
p rec i s i on  pos i t i on ing  o f  eve r  l i gh te r  and  more  ftchihlc
struchms.  I’his pqaer conhibules  1 0  I b i s  cfforl hy dcvclnping
a halancc4i 1 Q(i con]pcnsator  for Jlcxiblc  S(I uclures. ‘1’hclc h a v e
been many investigations into analysis and design of 1,QG
crsmpensdors,  and a good insight irdo  the variety of approaches
can hc ol)laincd  from  Kwakcrnaak  and Sivan (197?), hfaciejowski
(1989), Anderson and hkrorc  (1990), and Uurula  and Sano (1988).
‘1’hc 1.Q(i  design promdurcs  yield an opt imal compensator.
1 Iowcver, an  oplimal solution is not neccssaril
Ollc, since it i s  dcpcrrdenl o n  the weig,hts o ? $Cr%%%
pcl formancc  index and on the variance of the estimator noise.
‘1’bus, the index weight and filter covariancc  need 10 tsc prc-
dclcinlined in order to obtain  a reasonaldc pe r f o rmance .  ‘1’hc
relationships trclwccn wcig,hls/variances and characteristic
values of the systcn~,  as well as lscIwIccn weights/variances and
plant/cslilllak-rr  p o l e  localion,  a r c  d e r i v e d  i n  i b i s  pqwr,
]Iarking possible tlm design of an optimal compensator that
satisfies Il)c requirements.

‘1’he controller and cslimator  gains of an 1.Qt3 compct!salor
arc ohlfiincd  f r o m  t h e  s o l u t i o n s  o f  the controlkr Jbceali
equation (CARE)  and the estimator Riccali ~uatio,? (IARI1).  I n
the approach prescntcxf, Ihc equal and diaEona solulton  of CARI{
and }7ARK is songhL The. equal and diagonal solution of CARli and
l~Al{Il is the balanced 1.Qt3 solulion,  and its diagonal cnlrics  are
the chardc[eris(ic  valncs o f  t h e  systcm  (Jonctdwcrc  a n d
Silvmnan, 1983). Jonckhrxrc  and Silverman show for a specific
case that the halanccd J QG  solu[ion  exists.  in  th is paper the
irmsforma[ion to the balanced I QG rcpresmtalion  is derived
for lhc gcilcral  case, II is  a lso showo that flcxibk slruc[urus
in a hfoorc  balanced rcprcscrrtation  (hlorm, 1981; (iawronski  and
Juang, 1990; Gawronski  and Wil l iam, 1991) arc approximakly
1 Q(; halanmd.  h] Ihc 1 QG  ba lanced  repmcntation a kdanccd
pc’rfrsmance  is ohlainrxl  for a controller and an estimator. ‘1’hus
Ihc action  of a highly efficient ccmtro}lcr  is not deter iorated
hy poor estimator accuracy, nor on (he other  hand is it
ovctdctmnincd by an ovcrlaerfoming cstirna[or.

‘1’hc 1 Q{i balanced representation is used for compensator
reduction. I’hc pole mohilily index characterizes the inqrcrrlance
of the closed loop  component of the compensator. “1’he states
with  small  nmtrillty index  arc truncakxt,  Icaving  a  c l o s e d - l o o p
system with a skhlc reduced compensator.

2. 1 .QG Compensator

In this paper a fkxihlc structure  i s  defrncd a s  a
con[rollah]c  and ohscrvable  Iirmar sys(rm with  d i s t i nc t  complrx
conjuga[e  pairs of poles (N )OICS,  A’ is even), and wilh small

1and  nega t i ve  rea l  parts of I Ie poles. in o(her words,  it is a
l i n e a r  sysicn)  will) VibrdliOIIal  prnfrertics. I n  dw Moore
balanced coordinates it consisls  of ~) = N/2 components (fiawronski
an(i Juang, 1990; Ciawronski  and Willianls, 1991, and each
conlponerlt  consisls clf Iwo  Wrtcs.

J .ct (A, fJ, C) tac a stale-space triple of a flcxihlc
struc[urc.  I t s  ccrntrotlahilily  a n d  ohscrval~ilily  g,rdlnnlians WC
and }{~ arc posit  ive-dcfini~c  and satisfy the Iyapmov equations

A Ml -t WCAI  4 IW = O, AT W -1 W#  I CCJ = O0 (1)

‘l’lie  sys[en) reprcsrmtation  is balanced in the sense of hloorc
(C. f, , M[Km, 1981 )  i f  i ts  conlrollahitity and  ol~seIvAjilily
gltsnmim are diagonal and equal

1!: = wj = r’~, I= diag(al,,..  ,? N), i= 1,. ... N (2)

where a,>O is the ilh lIankcl singular value of Ihc systcnl.

Consider a ffcxitrlc  structure with an 1,Q(i  compensator as in
l;ig. 1. The noises v and w are uncortclatcd,  where. v is the
process noise wilh intensity V, and w is n]casulcment  noise with
mtcnsily  W

v= E(rir),  w= E(wrvl), E(VN) = o, A’(v)=- o, E(w)= o (3)

w!lcrc  1;(.) is  an Cxpeclation  operdor. lt is assunmt t ha t  W=-J
wlhoul l o s s  o f  gcncrtilily. ‘1’hc t a s k  i s  t o  dctcrminc  t h e
con(rollcr  g a i n  ( A ’ , )  a n d  cstin)alor  g a i n  ( K < )  S(ICII M Ihc
perfor(nancc  index .!/

(4)

is nlinimal, where A’ is a positive dcfinilc injult weight matrix,
a n d  Q a  pos i t i ve  scn j i - de f i n i t e  s ta te  wcighi  nlatlix. It IS
assnnlc41  R: 1 without loss of gcnerdlity.

The n~inimum of J is ohtz+incd for the fecdhack u=. -A’}y, where.
Ihc gain matrix

A’, = 10s, (5)

i s  ohtaincd  f r o m  (IIC s o l u t i o n  S of the c o n t r o l l e r  Riccali
equation (CA1{E)  (Kwakrnaak and Sivan,  1972)

AlS.+ S,+sl{jfls+  Qz o (6)

‘1’lw optimat  cstilllatrrr  gai!~ is given by



. . .
‘,

whm 1 ’  i s  t he  solulion  of  the cstimalor  Riccali  e q u a t i o n
(l ’Al{I i)

AI’i  PAT-t’C’JCt’i  V=-O. (8)

3,  IIrslanccd lQG Conlpmalor

‘1’hc balancing of CARli and l;ARli equalions  is considered.
Jonckbccreand  Silverman (1983), and O~ticllacker  and Jclncktlczrc
(  1985) tlavc  shown that a brrlan~e~ solutloll for  CAR1~ al,d J.’AR1
cqoalirrns exisls  in case of Q=, CIC and V=BW,  Namely, there
cxisls  a  d i a g o n a l  posilive  dchnitc M=diog(p,  ), i~l,...,  n,
ji,>fJ, such  thal

s= l’> n (9)

A Wrk-space  rcprmenlalion  with the cond i t i on  (9 )  sa t i s f i ed
is called  an I.QCi balanced representation, and p,, i=-],..., n are
lhc chamclcristic  valocs of (A, B, C).

C o n s i d e r  the Iransfomalion T of  the stale ,r s u c h  that

.x= 1~, IIICII AZ7’1A7; [i~7L~tJ,  (.’= CI’;  ii) IIIC nCWI comdina(cs

.VLZT1S<7;  [)C=I’1Q,7; 3,:? ’1s,1’1, (),: 7’1[),7’1 ( 1 ( r )

‘1’hc solution of CARII and l;ARI1 is J.QG balanced if

S,= Sf=M,  M=di~lgfiil,llj,...,l,,,),  JtlaJtz~...w,,>O (11)

“1’llcrc cxisls  a trmsfomalion 7“, such tlMI [:AR1! and lJARli a r c
halanccd.

w.wlt  1 . ‘1’IIc Iransfomalirm 1“ 10 the 1.QG balanced
rcprcscntalion  is obkined as follows. lkcomposc S, and .$

$> [w)l,, S,= l’fl’} (12)

and form a matrix 1/

ti= P#’f (13)

]’inrt  Ik singular vatm decomposition of 1/

11= VU(1’ (14)
Illcn

Y’=- t’,lrt’f IIz=-l’clnw, ~x~LM 1/2 Vr/lc L ur!j[fil~~ (15)

The introduction of lhc above trmsfomalion 7“ 10 (10) Shcw,s
that (11) is satisfied.

Now ccmsidcr weighting malriccs  of special form, and the
concsponding  tsatanced solution.

fk,vih 2. For a folly controtlatrlc  system, and the weights 0,
and Qf as follows

<)c=L\JcltJ(llRcl)l(l\\:l, Qf~N;lC’l(l+ti#cwOl (16)

onc oblains  CARtl and J~ARli  solutions as follows

S’=w:r, Sr=wol (17)

J’IOOJ  lolroduction of liqs. (16)  and (17) 10 CAtOi gives

,,41&.l$Ai$fi[(lsL. 0 (18)

wh i ch  i s  Ihc l.yapunov  equalirm  (1) for S,= WC1.  Silnilar p r o o f
can be shown fcm the lJARIi solotion.  o

‘1’hc weights as in 1~4.(16)  arc for colkrcakd  sensors and
acluators, a n d  p e n a l i z e  cacb Opci). toop tralancc4i slalc
rcciprocw!l,y  1 0 ils dcgrcc  o f crmlrollability and
observablllty,  trying to make each state of plant and cs~imator
equally influenced by Ihc feedback.

Corollary 1. In lhc hlcrorc balanced rcp!cscntation  w~=w~=rt,
t hus  f o r  we igh t s  Q., Q, as in l~. (16) one olrlains  an 1.Q(;
balanced syslcm, with M= I’-z.

“1’he matrix n

U: I~r;2=~/iag(li,)  =: f/i~lg(a~i/j~,) (19)

is [he r~lio  of rrpm-  a n d  c l o s e d  l o o p  I]ankcl sin.gutar vatucs,
or IIIC ratio  of opm- and closed loop slate var iances cxcikd
by the while noise input, Thus n represents the closed-krop
Performance. l~or weights as in Jlcsult  2, and a system in tlw
hkrore  balanced coordinates one. oblains

Corohry  2, ln the hksore balanced rcprcscntalion,  for weights
as in (16)

rr.31 (20)

l’rooj ‘rhc I .yapu IIOV equalion for lhc Ckm-tr!q)
Conlrollat)ili(y  glfilnmian W, is as follows

(A-IltllSL)\{:-l  t\:(A’’-.VLIllP)  ib[{lz O (?la)

According, to (17) S.= r~z, and inlroducilig  W,= I’~/.? to (2ia), one
oblains

Ar’:-lr’:mtm=  o (2 t b)

which shows thal M\:-  I’~/3 is a solutiml  of (21a), and
consequently that 1]= 3/,  c]

Re.$ulf .?. l:or a  f o l l y  con t ro l l ab le  sysIcm, and Ihc wcigllfs  (?,
and Qf as follows

(), =c:’[:-l  l}jt)~.llfll$(,,  of= fltoi}\:(:JR/cl\: (2?)

o n c  oblains  CARl~. and I;ARI; solulions  as follnws

s’= }\(), Sr= w, (23)

I’ro(r By introduction of (22) to CARE and l~ARtl  equalions,

f’orolk[ry  3 .  i n  Ihc Nloore  tralancc41 rcfmcsenlalion  RJ= WOLI’~,
t hus  f o r  we igh t s  [),, f?, as in 14.(22) one olmins an lQ(i
tmlanccd syslcm, willl r-r= r~.

lkfinc C~=[Cl ~o}JfiClj2], BU=[B }}: CIRJ’2], dlen Ihe 1.Qt3
c l o s e d - l o o p  systcl)~ IS jntciprctcA  as a sysIctn  w i th  un i ta ry
wcig!ds  and wilh the auxiliary inpllts  and oulpuls  as defined by
matrlccs ~o, C o .  I;or ccrllmdcd  smsors  a n d  tictuators,  and for
R,:ti(=l,  onc obtains C’~=t20=[l M;]/I .// N(,lCI  and QC=QW

4 .  Approximrsfcly Bnlanccd  l@G  Cornpema{or

In lhc  following scclions an approximate eqoalily  betwr-m
I W O  variahtm  is used in the following SCIMC. Two variabtcs  x
and y are approxilnatcly  equal (zsy)  if x= y+ F, and II UII/IIyIi<l.

11 w i l l  tsc s h o w n  [hat f o r  ftcxiblc stroclurcs  the tsalanced
reprcscnlation  ( i n t h e  hfoorc  s e n s e )  pmduccs diagonally
dominant sototions  of CAR1i  and I;ARti, and in the case of Q= VII
produces apl)roxinjatc.  IQ(i batanccd sotutions  Sand P, such that
S=l’. M. III order  to prove it, aswn)c  a diagonat  ~,cight  n)atrix  Q

Q z (lifw(44L i= 1,...,  n. (24)

then Illc  following is lroc.

tk~uh 4u. ‘ 1 ’ h e r e  cxisl  q,sqoi, wllcrc  q,; >O,  i= 1,...,  n, s u c h
that .$.-~/i{~g(s,/2)  is the solulion  of (6), u’here

.$,=’(Bli-1)/21:, p;,= l-12q,a?/<,u, (25)

l’lor,f is prcscntcd in tlw ApImndix,



.

A similar result is crblained for the }~AR1l cqoatioo,  namely,
for  a diap,mral V

v= rklg(vi12), i=. ] ,...,n. (26)

Ihc following is true:

k’.Sld/  4). ‘1’hCIC CXkl  )\Sl~  WbCI’C  Voi  >  f), i= ] , . . . , / / ,  SUCh that
I’:  (/i(I/fjJ,/2)  is Ihe solnlion of (8), w h e r e

p,z(flCi-1)/2jf,  fr~i = 1 + 2v,a?/~iw, (2’/)

IWxlf is similar to Resell 2a,

If tbc i lb d iagona l  cnlry of P and the mpectivc entry of
S arc equal, say to p,, i.e.,

p,=s, = }1, (28)

t h e  i-fh  compoocot  is 1 QG balanml. Arfrfilionally, if S a n d  / ’
arc equal,  a s  in Ii4. (9),  w h e r e  M=-diog(pj,  I= ] , . . .  ,/1: IhC
SYStCO~ k 1.QG tralan~c<i. If S, f’, M arc diagonally dominant,
l.c., V,+ c ,i~,$, -1 e,i~r l,, with r,i and F,i small ( I cVi/L\ I ~ 1,
I c$il!l I ~/), lhcl!  Ihc syslmI  is apfrroximalc]y  I Q(; balanced.

From  ~ (25) and (27) it follows ttial  for
Q= diog  (rj,) * l;: diogf’v,), lhc syslcIn i s  approxima[cly  1 Q(;
btilfinccd.  Indeed, Ibc balaoccd CA Rl;/17Al{ll solution is

Q= diw(O,O,...  ,q,l,,..  .0,0),  q,s~,i (3(la)

shifts Illc i tlI  Ildir of COOI1)ICX lx,lcs  of lh~ fi~~i~,l~
S,tloctu  [c!, an(l Icavcs  (I1C rcn]ainillg  pairS  o f  pO]CS a]n)os[
oochantcif. o n l y  Ibc real  frwl of Ibc p a i r  o f  lKdcs is cban@
(ju~l moving  Illc p o l e  aparl  f r o m  (tic iillap,inary  a x i s  and
slahiliziog  the syslcn]),  and the imaginary parl  of the poles
rmains onchang,c41.

/i(’$1(/{ .’io. J;or (be w e i g h t  Q as  i n  l?@. (30a) a n d  fl,~q(,i, tllc
C1OSC{I loop pair  cr f  tlmiblc po les  (A,,i, ~j~,ii)  r e l a t es  10 Ihc
olxhn loop poles (A<,,i, ij,l,ti,)  as follows

(A.li,ijh,il)=(P,,  i~o,;,~j~,,i,)j i~ 1,...,  n (31a)

v.’hcrc (ll,i is defined ii) F4.  (25).  l~or proof scc tbc Appendix.

‘1’he rml pr(s o f  tbc p o l e s  are shifted  b y  f$,i, w h i l e  Ibc
in)a?,~owy p~rt rmaios unchrmgcd. ‘1’he atrovc proposi t ion has
addllmal inlcrprclations. NoIc  thal the real part of the
Opel]-roop JKdC is A“i =- -<p, and that the real part  of tbc
chJsc& loop pole is ALi=--~&iU,; nolc  a l s o  Ibal t h e  hcighl  of
t h e  opmloop rcsooanl  peak i s CIOi= K/2<,u,  w h e r e  K is a
constant ,  and the CIOSWIOOP  rcsonaol  pea ~ i s  a~i= K/2{, iL,,.
l~ronl (31a) onc obtains 131ti  L AC,i/AOd, beilcc il i s  ool  dlflmdt
10 scc that

@pi= cci/ci  = rroihr$i (32)

I. C,,  thal fr,,i i s  a  rdio o f  C1OWX- a n d  opcwfoop  daru }ing
factors,

1 r
or that it is a ralio of opm- and closed oo

rcsooanl peaks, Thcrcforc, i f  a suppression of the. It 1
r e s o n a n t  pcali  by Ihc f a c t o r  Bri is rcqoirwl, the appmprialc
weight q, is dclcrmincd  from 1’4.(25)

q,= O. S(B;,-  I)cik),a;2 (32)

NOW  t h e  r e l a t i v e l y  Iargc  B ,i CVCII  f o r  small  q,, i . e . ,  a
s i g n i f i c a n t  p o l e  s h i f t  1 0  IIIC Icft. A l so ,  ftl,i il~clcascs will)
(hc incvcasc o f  - ri, a n d  rfccrcascs  with Ihe mcrtasc  o f  L o,,
i.e., Ihclc  i s  a  significa!tl  pole  shifl f o r  h i g h l y  obscrviddc
a n d  controllahlc  SMICS with sn)all damping..  In terms of  lhc
Iransfcl’ funcliorr  profrtc, t h e  wci$d q ,  SOIIJM~sS1’S t h e
rcsollanl  pcali a t  frcqueocy  M, whllc leaving  t h e  rlaluml
frcqucocy  oncbangcd.  I)uc  to weak coupl ing bciwccn  Ihc slalcs,

lhc assigurncnl  of 00C pair of stales does not significantly
impmi o[llcr s(atcs,  ‘1’IIUS the weight assignnwn(  can bc done for
circb pair of states scpariilcly.

‘1’l]c Cslil]lalor  poles arc shiflcd  in a sinkilar  manocr.  l~cnotc

V4i[lg(0,0,..., ~’11~,  . . .0,0). I’,sl’oi  , (w)

lhcu (he following is lroc:

RcwI{  5b. F o r  lhc  vwight  V  a s  i n  l;4. (30b)  a n d  v,s}L,, Ihc
es[ima(or  p a i r  o f ~lcs (~<ri,~j~<i,) r]c a l e s  10 (he opmloop
poles (k<,ti,*jAO,,)  as OIIOWS

(~,,i,ljAei,)~(BCi~.,i,  ~j~,fi,), i‘ J , . . .  ,)1 (311))

v,hcrc  p,, is defined in l~~. (27).  l’roof is sitllilar to Rcsolt  2a.

‘1’hc liolitiog va l ues  q<,i auri v<ti in  Resul ts 2a and 2tr  are
dcbmnincd. ‘ 1 ’ h e i r  valocs arc raibcr  fuz~y nund~crs, Dcspilc
Ihcir  funincss t h e y  a r c  n o t difticull to dctcI mine anyway.
T h e r e  alc scvcfdl  symplonis  tllal q, is approaching q,,i, or t h a t
v, is approaching, l~fi. In Ihc controller case, qOi  is the
wcig,hl for  which lhc i-h  pair of comfrlcx  poles of  the dmt

Id e p a r t s  fronl IIIC tlol-izontal  t ra jectory ill IIIC root locIIs [~ ant,,
o r  il is (IIC wcighl  f o r  w h i c h  ( h c  i th r e s o n a n t  peak of Ihc
planl  Iransfcr  function rfisal,pears ( t he  peak is flir!tcncd).  A n d
m (1K cstimalor  c a s e , v,; is Ihc covariancc  f o r  w h i c h  the i-th
p:tir  o f  ccunplex lxdcs of [be es t ima to r  dcparls  f r om the
holizoolfil tlajcdory in the. root- locos plane, or ii is a
covariancc  f o r  w h i c h  t h e  ith rcsrroaut pMk  of  the cslimator
trmsfcr  fonctiou  disappears,

5. Rcrfucc{l-f)rdrr ~OOljX’I15afOr

l;ronl an ili~l)lcl~lclllalior~  poinl of view il is crucial to c)btain
a  compcnmlor  c)f lhc smallcd  pclssitrlc  o r d e r  (hat frrcscrvcs  the
s(ahility  a n d Pcrfo]nlancc of tllc full -orddr  c o m p e n s a t o r .
Althoopt)  Ihc size of a planl dctcrnlincs  Ibc s i z e  o f  a
compcnsatorr  in  order to assure Ihc q(arlily  of tbc closc&foop
syslm, Ibc planl  omdcl  i s  n o t  rc41uccd cxccssivcl

!
in advance.

Thclcfore,  t b c  compcnsrrlor  rt’doction  i s  a  pfirl  o cmnpcnsator
dcsigo. ‘1’hc IJalaoccd 1 Qfi d e s i g n  proccdorc  ptovidcs  ibis
opJrollunity.

In order to succcssfolly  pe r f o rm  the compcnsaior  rcduclior!,
an illdcx  of the importance of each compensator coo~poncrrl IS
i n t r o d u c e d .  I II tbc opcmloop  case llankcl sinc,ular valocs s e r v e
as reduction iodlccs. 111 tbc c1 owl loop case the
cbardclcrislic Wslncs were u s e d  a s rcdllclion indices by
lonckhecre  and Silverman (1983). ‘1’bcy arc 001 a good choice,
hcnvcvcr,  s i n c e  tbcy do no( p r o p e r l y  rdlecl lhc cffcclivcocw
of Ibc compensator.

‘1’bc p roposed  cffcclivcncss  of  the c losed loop syslcm is
evaluated by the ricgrcc  of damping of flcsildc motion of lhc
structure. l’hc danlping,  on tbc olhcr  hand, dcpmds  on lbc poh:
mobi l i ty 10 the r ight-hand s i d e  o f  t h e  crmplcx plaoc.
Tbcrefore, if a particular pair of poles is easily  moved (i.e.,
w h e n  sniall  wcigld is  rcqoired  1 0  mrrvc  t h e  p o l e s ) ,  Ihc
rcspcclivc  s tates arc cas y to control and 10 cstimalc.  On (he
conlmry,  i f  a part icular  pair  of  poles is diffrcull  to rnovc
(i.e., even a large weight insignificantly moves the poles),
the rcsp-ciive  slates alc  difficult 10 control  and 10 est imate,
In the Iatlcr  case Ibc action of the compensator is irrelevant,
and  Ihc s.talcs which arc diffrcull to control and cstimle c a n
bc r e d u c e d ;  t h i s  dcomoslratcs  that  pole  mobilily is a good
indicator of ihc importance of a pzirlicolar  compmlsalor  state.

C o n s i d e r  a n  1.QG Imlanccd  sysIcIn, and dcnrrtc  the po le
nmbilily iodcx  0 i as a product  of  the a square of  llaold
singular value and Ihc chmiclcris(ic value of a systcm

Ci= j?p, (3.la)

“1’his  c o m b i n e s  the system obscrvahilily  and conlrcdlabilily
pm!rcrlics  o f  t h e  o p e n  l o o p  systcnl w i t h  t he  con]pcnsator



pcrformnce. I’IIc Iargcr  he }Iarrkel  sirrgolar  v a l u e  0( the
mryroncnl, the larger the corresponding

“ P C  ““’’’’i’y ‘ndcx( c f .  l~ig.2b),  A l so ,  the rnorc  h e a v i l y  weIg IICd Ihc con~ponemt,
Ihc larger  its pole mrrhilily i ndex  ( see  l’ig.2a). I n  o rde r  10
s h o w  Ihal Oi is connected wilh the pole mobility, note from
l$s. (29) and (34a) that

0,= O.s(fl,-1) (35)

l?or fr, = 1 (Iw i-th pole is sk~tionary, and Ui is M@ to zero;
for a Aiftcd lK)lc  one obtains B,> 1 al,d o i> O. ‘1’hc malrix  x of
potc nmbi[ity  indim is dc.fined

x=-di~ig(ol,  Cz, . . . . on),  On) (341))

and f!om lkf. (34a) one obtains

III Ihc following, a rednction  Icchni  uc is discussed. AssLnnc
1x in l~q.(34h)  h a s  a  d e s c e n d i n g  orccr,  i .e. ,  o,z  O, 0i4 l~ai,

j.  I ,...,1/,  and rtividc  il as follows

X.  diogfX,,  x,) (36)

whe re  X, consists of frrst k entries of Z, and X, Ihc rcnlaining
ones. If Ihc  e n t r i e s  o f  X, a r c  Sl)litll  in crrmparisoa  will] t h e
cnlrics o f  Z,, Ihc compensator is reduced by t runcat ing its
Ia$t IIk s l a t es .  NOIC (hal Ihc valnc  of o i d e p e n d s  m wcig,ht
q,, and if for a given wcigld the resonant peak is too lar~c to
be acccpled (or a pair of po les  100  c l ose  t o  (IIC imagmary
a x i s )  Ihc wcighlir)g  o f  t h i s  p a r t i c u l a r  crmtponclit  stmld bc
increased to damp this par[icolar  component. The growth of
weight increases Ihc value of o i, which cdn Save tills
pfirlicolar component from reduction.

10 older 10  invcsligiitc  s t a b i l i t y  a n d  pcrtirmance of t h e
rcdaccdordcr  compensator, consider the close&loop  sys~cn~ as
in }Jig. t. Denoting the slate XO=- [xl cl ]1, where c= l-x, onc
obtains Ihc closed loop eqnalions

i . = AL~o -1 B,,I/  -1 JJVV  -1 IJWW, y= CJ. (37a)

Wllcl c

co= [c -q (TIC)

I cl the matrices A, B, C be part i t ioned conformably 10 x in
lij.(36)

“h] “=-h] C=[crc’ (38)

thca lhc  reduced compensator rcprcsenlation  is (A,, tl(, f?,). Ihc
con~pensator  gains arc divided sinularly

K,=  [A’,,, A’p,l, Al= [A’:( K:,l (39)

and the resulting redoced closed loop systcm  is as follows

c“,= [c -c,] (4f)b)

AIOmogh (A,,,lJ,, C,) is stable, the slability o f  Ihc closcd-
Ioop systcn~ with rcduccd c o m p e n s a t o r  (Ae,,Do,,  COrJ is ncilhcr
ohvioas  nor gualantccd.  Dot one can dctermnc when to cxpccl  a
stirhlc clom-foop systm with the redoced-order  c o m p e n s a t o r .

In or(fcr  10 discuss this question, inlrcrdacc (38) and (39) to
(37b)  to obtain

IA,- BJi’p< -BrKpl tl,h’p, B,A’,,,

-f($), A,-fi,Kpl  U,h’l)r  f(k’p,
Au=

o 0  A , - K , r C ,  -K,(C,

I

(41)

o 0 -KC,C,  A,- KC,C,

Consider now (tic tern) B,K,

B,KP = /t,liiS= [tl,ll~.$’r  tl,/i~S,l=10  didg(2@,0  i)] (42)

where 1(11~  =diflg (2Cird,p,),  i=- 1 ,...,g  is osed.  14.(42) s h o w s  thal
for snlall  0, onc obtains small }1,~~, and in conscqucncc sn~all
lJ,A’t,r and B,A’ ,,. In a simitar  way It can bc shown that  A’cC, ,is
small, t‘1’heie ore, f o r  smalt o, the closed l o o p  orallix a s  m
}!q, (41) is as follows

I IA,-ll,h’p,  -B[A’,,, !( h’,,,  B,K,,I
O A, O 0

AOE o
0 A,-K=,C’,  O (43)

[
0 0 i’,;t, A ,

I

wh ich  shows that tile poles of a troncakd syslcm  hatrc. 001 h c c n
c h a n g e d  significardly,  and  that Ihc poles of  (IK r e t a i n e d
sahsystcm a r c  n o t  irlflocncecl  by  t he  Ironcated parl  (rwgligihlc
spillovcr).  ‘l’he SYSICIU  with tlm  rcdaccd conl]rc(lsator  i s  stable.
Of  course,  sIncc l?q.(43)  rcprewnls  an approxjrnation  c,f A{,, the
above  statcrwcrrl is not an oncondilional  lruth, bat depends on
the  mob i l i t y  indicxs,  If the rcdncc&ordcr  c o m p e n s a t o r  i s
obtained hy rcdocing  states with small Ui, the re(foccd-older
c o m p e n s a t o r  is  e.rpecwd  to bc slablc,  ‘1’hat is, allhongh  it is
not guaranteed, Ilwrc  is a w,cllfouadcd crq~chilion  to c]btain a
stalrlc redoccd-order conlpensator.

in acldition  to the stahilil e v a l u a t i o n ,  t h e
1’ r

Ic mobil i ty
indicc!s give a gorKl cslimatc  o the performance o the rcdnccd-
ordcr  compensator. Namely, try trwtca[ing  stales with sn]all  pole
rwotrilily indices the systcm  pcrfrmnance  will Iml be
dclcrioratcd  s igni f icant ly.  As evidcncc,  note that for  AO as in
l~. (41) the estinlalicrn  error is

J  .Ktic,r’,,;,= (A,- K<,  C,  C, ;,=  -KC (C ,C , + (A,- A’<,C,)C, (44a)

and from It4. (43) the error of Ihc redaccd-order compensator is
dctc[mincd

;,, = (A ’. K’,C,)C,<, &== -l(el(.~ c,, + A,ctc (441))

11 was already shown that ~,, C,SO, and KC,C,=O  for small Ui,
Ihas CrE’CrC  and c ,~c,, i.e., the. estimation errors and
truncat ion cr,ors  ot’ the fu l l -order and the rcdaceL1-order
ccmlpensators arc almost the same. Similar frroperlics  earr bc
shown for the controller performance. ‘l’he performance of foll-
a n d  rduccd o r d e r  compmsators  i s  compmd la~cr it) Ihc
application seclion.

As an altcroativc  mcmnre  of performance of lhc closed-loop
Syslcm, considtr an index n,

a,= ?:;/3:, (4Sa)

lt i s  a  ralio o f  Ihc openlorrp ltankel singalar  valae 1 0  lhc
clrrscd loop l]ankcl singular value, and can bc also intcrprekxl
a s  a  ralio o f  v a r i a n c e s  o f  ofrm-foop  (u~i) ad closed l o o p
(o~i) states  excited by the white-noise input

~,. ~:i/o:i (45fJ)

OLrviou~ly, if the irh  CIOSM-IOOP v~riancc  is small in
con] panson 10 the i-lb  open-loojr  varlancc,  t h e  c o n t r o l l e r
aclion  a t  lhc i-lb s t a t e  i s  corrsldcrcd i m p o r t a n t ,  lhas lhc
s ta te  i s  nc)t dclctcd.  If lhc closcdloop v a r i a n c e s  a r c  aboat
t h e  sdmc a s  lhc ofm-loop varianccsj  t h e  cootrollcr  aclion  i s



consirtcred marginal ,  and the state can frc dclctcd  without loss
of per formancc. In crrdcr to dcternline  n, in a closed form the
closc41  loop I .yapunrsv equation is consirtcred

(A-BIi’S)r;  + 1:(A -l~IfiS)J  + Uff’  = O (46a)

or, for dw  ifh pair of variables

(A1-lJLJ~sLJ~~i  + T~i(Ai-B,HIsi)l  + /J~~EO (46b)

lntrodncing  liq. (A.3) from Appendix gives

2 . 2go?lI  + 2T2,7&$i 701 (47)

or,

rr, =- -J~i/T~iSZ  J -) 2.r,a~i  = p, (48)

thus IIIC rdio of closed- and opmlocrp rqonsc 10 wbilc noise
i s  e q u a l  1 0  t h e  p o l e  shift.  Anolhcr  uwful inlcrprekrtirrn
follows fronl 1!41.(47)

LT, =-o.5(a:i-a:,)/a:i (49)

i.e. Ilm pole mobility inrfcx is proIxmlirmal  to relat ive change
10 while noise lcsponsc  of the open- and closed loop syslcms.

6. Applications

A simple  3-dcg,rti-of-frecdolll syslm is considered as in
}’ig.3, will) masscsrnl =nl =-nl~ = 1, sliffncsskl  = 10, kl = 3, k~ ~ 4, and
a damping matrix D== O. fl?kf~-1 O. fX)/Jf, wl)crcA’,Jfarcslif  f[]cssai]d
l[lass malriccs,  respectively. The input force  is applied to the
nmss nIj; IIIC output is the MC  of the aan)c mass, and Ihc. poles
of IIK  opemtorsp systcrn arc A , .2 = -. O .  fW24ij0. 9851, Ao,,w =- -
0.0) 75!j2. 9197, and A,)$,& =- -0.02~~+j.3.8084.  l’hc wughl n,atrjx  Q
and t h e  crwariancc matrix V are chosen as follows:
Q- V.  diog(O.4,  0.4, 2, 2, 6, 6). ‘1’hc nrmcrrs  CmI ics of Q and V
s h i f t  IIK! lKdcs t o  t he  righl, s o  that lhc peaks in Ihc closcd -
Ioop tlfinsfcr funct ion are f lat tened as in Fig,.4. “1’hc matrix  V
is chosen to bc equal to Q to ol}tain  a balanced I QG
compensator. For  thcw matrices Ihc solulion  S of CAR1~ and the
solution P of lFAIUi arc equal and diagonally dominanl,

S= PCM= dillg(l.3288,  1.3261, 4.3161, 4.1301,25.2817, 24.01$0),

and the coriespondin.g  ~ains arc sigrisymrnct(  ic (Joncfdwcre  and
Silvcrnrm, 1983)

L,, = [0. fM.39, 0.889.3, 0.2978, -1.9291, 2.1378, -2. 16.?6]

~;, [. f)@39, f)~893, -f). 297!, -1.9291,  -2.1378, -2. 1636]

‘1’hc }Iankcl  malrix  of the plant is

r= dio.g(7.  9776,  7.9776, 2.2.337, 2.3336, 0. 4893.0.48$0)

dms lhc matrix  X is obtained

x*di[lg(84.  5658, 84.3920, 21..5332, 20.6058, 6.0153, 5. 7586)

I’OICS of the crpen-krop plant,  CIm.Cfl-IOOJS systenls a n d
cstimaior arc  s h o w n  i n  l:ig.5. T h e  clostxloop pcdcs and
cs[imator  poles were shiflcd  horizontally with respect to the
opci~.toop poles!  in agrcenlcnt  with dw  Resulls  2a and 2b.  I;or
Ihc c h o s e n  we@ds  the projected (from  l’kJ. (32))  and achrrd
shifts  arc 137 vs 146 for the first pair of poles, 33 vs 34 for
Ihc second pair of poles, and 8.5 vs 10 for Ihc third pair of
poles.  Moreover,  s ince d)c con] nsator is balanced, Ihc poles
of the c losed loop systcni  an~thc cstimakw  crvc(lap. ‘ t h e .
closed-loop itnpulse  response in l:Ig.6 (solid line), shows good
vibtation  damping propcrlic:, which is also confirmed try the
closed-hop transfc[  funcmrn,  lJig.4  ( d a s h e d  l i n e ) .  ‘lh~
compensator is rcduccd  from six to four state variables. l’hc
trwncatcd Uatcs a r e  rclakd to  lhc  smaltcs( d i a g o n a l  eiltrics
(5. 7586, 6. 0f53) of Z. The impulse rcspmse  of Ihc full and
rcducc{i-order compensator are compared in l;ig.6, showing good. . . . .

c o i n c i d e n c e .  llowcver, if the two slates corlcsponding  to the
n}edium values of z ( 20.6058, 21.5.332) arc. deleted, the
performance of Ilic  reduced-order compensator is significantly
dc(crioratcd,  md if dIc s l a t es  co r respond ing  to the largest
entries of z arc rcduccd,  the compensator is unstable.

NM(, d]c application of the 1.Q(i  compensator to the truss
slructure  from l~ig.7  is investigated. For  this structure /1 =70
in., 12= 100 in., each truss has a crcrss-sec[irrn area of 2 in.1,
elastic nmfu}us  o f  ](fJ lb/in. z, a n d  nlass dcnsi[y  o f  2  ]IS
sccl/in.  z. Vedical cmdrrrl  forces are appl ied at nodes na] a n d
11(1?, and  the  ou(pul r o l e s  a r e  nwasurcd in  I]lc  vcrlical
dircc[ion  at  nodes no) and no2. ‘[’he sysIcin has 26 states (13
balal)ccd componci)ls),  two inputs,  and (WO outimls.  “1’hc weight
(Q) and covariancc  (Vf  matrices are assured equal and diagonal,
f?=- P--~li{lg(g,lq,, f2,q3,...,q, ,q,,), where q,= 2rX2, 9  = 4 0 0 ,
rJ,= 1000, q,= 2rX)r4, q = W& q6=2flW0, q,= . . . . q13.2h. T,,,,
CAttli and l~ARI{  sofntions  arc diagonal ly donlinmd,  so lhat Ihc
rcsulling !ilatrix x i s  dia~onally  domina{it.  1’Iw plots  o f
diagcml enlrics  o f  x arc plotled  in I:ig.8, })oIcs o f  111~
opemloop  structure as wel l  the clrrscd-toop  sysk.m and  the
est imator are shown in Yig.9. };or  Ihc balmced  conlpensalor  the
pole.s of Il]c closc{l-loop  sysIcIn  and the cslimator  overlap. The
opcwloop  kirnsfcr  funclions  arc shown in Fig. 10 (solid Iinc)
and the closed loop transfer fnnclions  of  lhc p l a n t  a n d
cstimakw  overlap in Fig.  10 (dashed line), and show that the
O s c i l l a t o r y  m o t i o n  of ltlc s~rllcl~lr~ is  da,nped O,lt, ‘J.tlc
compensator  is  reduml by truncating tllc  14 states, which
corrcspmld  10 dlc snlall  po le  nlobilily i n d i c e s  0 , < 0 . 5 .  I’hc
rcsulling  reduced-order con~pensalor  has 12 states, I’hc impulse
rcsprmcs o f  t h e  f u l l  a n d  reducdordcr cojnpcnsator  arc
compared in l;ig. 11, showing good coincidence.

7. Conclusions

‘1’hc properties of Moore  balanced rc!prcscntation of ftexil,le
structures have bcm  exlcndcd  for the closet-loop systems. A
b~lanced 1.QG eon]pensator  i s  ob{aincd  that pays  IhC Sarnc

atlcnlion  to mdrc}lling a n d  t o  e s t i m a t i n g  t h e  systcn~.  ‘J’hc
propert ies of  tlw balanced 1,QG sysIcn~ arc Ilscd to obtairl  a
r c d u c c d - o r d e r  c o m p e n s a t o r  thal ~rescrvcs IIIC stat, itilv and
perfomancc of the - f u l l - o r d e r  con{pensator,  as illuslratcj ~ittl
tile I Q~ Lralanccd Colllrol  o f  a  t r u s s  StrL)ciUrC.  S i n c e  1  Q(;
balancing and hloorc open-foop Lralarlcing coincide  for  flcxit)lc
skuclurcs,  the opcmloop  reduction (based on hioore balancing)
a n d  the 1.QG rcduclion  form a unifrcd  a p p r o a c h  t o  system
rcdnc[ion,  useful duc to ils  simplicity.
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Appendix. Proofs

I’rm( @ fie.wh 4(1.  For a ficxihle systcm  wilh n components (or
Ar= 21, SI~Ics),  (IIC Lalanccd  grammian  h a s  Ihc folh~wing f o r m  (SCC
Gmvronski and luaog, 1990; Gawronski  and Willianls, 1991)

r=f/if~s(al, ~1,71,~z,...,  a, L)ar), (A,])

and the matrix  A is almosl thd-diag,onal, with dominant 2x2
blocks  on the main diagonal

[ 1-<iL),  - r . ) ,

A~diag(A~,  A,= ~, -<tit , i= 1,...,n (A.2)
,1

where q i s  the  i - th natoral  f r e q u e n c y ,  a n d  <i is Ihc i-th
nlodal damping. introducing lI@. (A.1) and (A,2) to (1) f,ives

Y?(A,-I  A?)=-fJ,IJ;=-Cf  Ci. (A.3)

IIuc to d iagonal ly  dominant  nmtrix  .4 for a flcxitrlc structure in
balanced reprcscnttdion, and for  Q as in l’xf. (24),  there exist
q,s(f<~, i= ),..,,n, s u c h  lhal t h e  s o l u t i o n  S  o f  lhc Riccali
equation  (6) is also diagonally dominant with 2x2 hlods S, on
lhc main diagonal

S,zs,ll, Si >0, i~ 1,...,  n. (A.4)

“1’hns, equation (6) terns into a set of Ihc following equations

s,(Ai  I A])-s?!l,!~  -1 qtlz  = O, i>] ,...,!1. (A.5)

l~or a  b a l a n c e d  system B flT#-y~(A + AT), scc 1~4. (A,3), a n d
Ai-l  AT’= -2C,L,,12, see J3~.  (A. ~). I’here}ore  F4. (A,5) is now

.$? 4 S,/a’j-O. 5q,/<iu,-s f =- (), iz ] ,...,  n. (A.6)

“1 ’here arc I W O  solulions  of l@. (A ,6), but for a slable syslcm
and for q,= O it is required that s,=O,  therefore (25) is the
oniquc  solulion  of E4. (A.6).

hoof of Rewh 50. l:or small q, t h e  m a t r i x  A  o f  IIIC closcd-
Ioop systcm  is diagonally dominanl  Auwfiog(Aui), i= 1,... ,n,  and
A,ti= A,-h,}fisi.  introducing F4. (A.3) onc obtains

AoisA,  -l 2s,7!(A, -I AT), (A ,7)

and introducing Ai as in 1~4. (A.2) 10 E4. (A.7) onc ol.rlains

Iv Iw

Fig, 1, Block diap,ram of ffcx.  s(rllciorc with  1.Q(i  compensator.
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